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Question 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 point
Use the Divergence Theorem to find the outward flux

∫∫

S

(F · n) dS

where
F(x, y, z) = 2xi + yj + 2zk

and S is the suface of the sphere x2 + y2 + z2 = 2.

Solution: We have
∇F = 5

so that
∫∫

S

(F · n) dS =

∫∫∫

D

5 dV = 5Vol(D) = 5
4

3
π
√

2
3

=
40

3

√
2π
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Question 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 point
Compute the Fourier series of the function f(x) given by

f(x) =

{
x + 1 −1 < x ≤ 0

−x + 1 0 < x ≤ 1

Solution: We want to write f as

f(x) = a0 +
∞∑

n=1

an cos (nπx) +
∞∑

n=1

bn sin (nπx)

Since f is an even function we have

bn = 0 ∀n

Moreover

a0 =
1

2

∫ 1

−1

f(x) dx =
1

2

and

an =

∫ 1

−1

f(x) cos(nπx) dx = 2

∫ 1

0

(1− x) cos(nπx) dx = (1)

=2

∫ 1

0

cos(nπx) dx− 2

∫ 1

0

x cos(nπx) dx (2)

=2
1− cos(nπ)

n2π2
(3)
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Question 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 point
Let f(x) be a function with fourier series

f(x) =
∞∑

n=1

an cos(nx).

Show that
1

π

∫ π

−π

f(x)2 dx =
∞∑

n=1

a2
n

(Hint: substitute f with it Fourier series in the integral. Expand the square and use
orthogonality)

Solution: We have

f(x)2 =
∞∑

n=1

∞∑
m=1

anam cos(nx) cos(mx)

so that

∫ π

−π

f(x)2 dx =
∞∑

n=1

∞∑
m=1

anam

∫ π

−π

cos(nx) cos(mx) dx = (4)

=
∞∑

n=1

a2
n

∫ π

−π

cos2(nx) dx = π

∞∑
n=1

a2
n (5)
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Question 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 point
Find the solution of the equation




∆u(x, y) = 0 (x, y) ∈ [0, π]× [0, π]

u(0, y) = 0, u(π, y) = 0

u(x, 0) = 0, ∂u
∂y

(x, π) = f(x)

where f(x) is a continuous function from [0, π] to R.

Solution: The homogeneous boundary conditions are

u(0, y) = 0, u(π, y) = 0

Thus writing u(x, y) = X(x)Y (y) and using separation of variables, we get
{

X ′′(x) = −λX(x) X(0) = X(π) = 0

Y ′′(y) = λY (y)

The first equation admits non trivial solutions only for λ > 0. Writing

X(x) = a cos
(√

λx
)

+ b sin
(√

λx
)

and imposing the boundary conditions we get

a = 0, λ = n2.

The equation for Y gives

Y (y) = a cosh
(√

λy
)

+ b sinh
(√

λy
)

so that

u(x, y) =
∞∑

n=1

sin(nx) (an cosh (ny) + bn sinh (ny))

Setting y = 0 we get
∞∑

n=1

sin(nx)an = 0

so that an = 0 for every n. Thus

∂yu(x, π) =
∞∑

n=1

nbn sin(nx) cosh (nπ) = f(x)

so that

nbn cosh (nπ) =
2

π

∫ π

0

f(x) sin(nx)
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Collecting everything we get

u(x, y) =
∞∑

n=1

bn sin(nx) sinh (ny)

where

bn =
2

π

1

n cosh (nπ)

∫ π

0

f(x) sin(nx)
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Useful Formulas

Differential Operators.

∇f = (∂xf, ∂yf, ∂zf) ∆u = ∂2
xu + ∂2

yu

Divergence Theorem. ∫∫

S

(F · n) dS =

∫∫∫

D

∇ · F dV

where D is a region in R3 bounded by the surface S.

Trigonometry.

sin α sin β =
1

2
(cos(α− β)− cos(α + β))

∫
x cos(αx) dx =

cos(αx) + αx sin(αx)

α2

Fourier Series: full period. If f(x) is defined in [−a, a] then its Fourier series is

f(x) = a0 +
∞∑

n=1

an cos
(nπ

a
x
)

+
∞∑

n=1

bn sin
(nπ

a
x
)

Fourier Series: halph period. If f(x) is defined in [0, a] then its sine Fourier series is

f(x) =
∞∑

n=1

bn sin
(nπ

a
x
)

Potential Equation. To solve a potential equation first find all solutions of the form
un(x, y) = Xn(x)Yn(y) for the equation with the homogeneous boundary conditions.
Use the superposition principle to write a generic solution. Impose the remaining
boundary condition and use orthogonality to compute the coefficients.
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