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QUESHION 1 ... 20 point
Use the Divergence Theorem to find the outward flux

//Sar.n)ds

F(x,y,z) = 2zi+ yj + 22k

where

and S is the suface of the sphere 22 + y? + 22 = 2.

Solution: We have
VF =5

//S(F-n) dS:///Dasdvzf)vOl(D):%m/ig:%0 2

so that
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QUESTION 2 .. 25 point
Compute the Fourier series of the function f(z) given by

z+1 —1<xz<0
flz) =
—r+1 0<zx<1

Moreover

and

Solution: We want to write f as

f(z) =ao+ Z a, cos (nmx) + Z by, sin (nmz)

n=1 n=1

Since f is an even function we have

b, =0 Vn
[t 1
a =5 71f(x)d:17:§

ay = /_ 11 f(2) cos(nmz) do = 2 /0 1(1 — 2) cos(nmz) do =

1 1
:2/ cos(nmz) dx — 2/ x cos(nmx) dz
0 0

1 — cos(nm)

n2m?
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QUESTION 3 ..o 25 point
Let f(z) be a function with fourier series

o0
= Z a, cos(nz).
n=1

%/_:f(:cfd:c:i::f

(Hint: substitute f with it Fourier series in the integral. Expand the square and use
orthogonality)

Show that

Solution: We have

o0 oo
= Z Z Ay, cOS(NT) cos(ma)
n=1 m=1
so that

/ i@ dr =33 anan / cos(na) cos(mz) dz (@)

- n=1 m=1

= Z ai/ cos?*(nx) dr = Z a? (5)
n=1 - n=1
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UESEION 4 .« oot 30 point
Q p
Find the solution of the equation

Au(z,y) =0 (z,y) € [0,7] x [0, 7]
u(0,y) =0, u(m,y)=0
u(z,0) =0, %@m) = f(x)

where f(z) is a continuous function from [0, 7] to R.

Solution: The homogeneous boundary conditions are
u(0,y) =0, wu(my)=0
Thus writing u(z,y) = X (2)Y (y) and using separation of variables, we get

{X”(m) = _A\X(z) X(0)=X(m)=0
Y'(y) = AY (y)

The first equation admits non trivial solutions only for A > 0. Writing
X(x) = acos (\/Xx) + bsin (\/Xx)
and imposing the boundary conditions we get
a =0, A\ =n?.
The equation for Y gives
Y (y) = acosh <\/Xy> + bsinh <\/Xy)
so that .
u(z,y) = Z sin(nx) (a, cosh (ny) + b, sinh (ny))

n=1

Setting y = 0 we get
Z sin(nz)a, =0
n=1

so that a, = 0 for every n. Thus

Oyu(z, m) = Z nb,, sin(nx) cosh (nr) = f(x)

n=1
so that 5 7
nb,, cosh (nr) = —/ f(x)sin(nx)
T Jo
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Collecting everything we get

u(z,y) = Z by, sin(nx) sinh (ny)

n=1

where
2 1

b, = ;m/o f(z)sin(nx)
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Useful Formulas

Differential Operators.

Vf=uf, 0yf, 0-f)  Au=Pu+u

//S(F~n) dS:///DV-FdV

where D is a region in R?® bounded by the surface S.

Divergence Theorem.

Trigonometry.

cos(ax) + ax sin(ax)

sin v sin 3 = %(cos(a — ) — cos(a+ 3)) /xcos(am) dr = 5

«

Fourier Series: full period. If f(z) is defined in [—a, a] then its Fourier series is
f(z) =ao+ ; Qy, COS (%x) + ; b, sin (%x)

Fourier Series: halph period. If f(x) is defined in [0, a] then its sine Fourier series is

Potential Equation. To solve a potential equation first find all solutions of the form
un(z,y) = X, (2)Y,(y) for the equation with the homogeneous boundary conditions.
Use the superposition principle to write a generic solution. Impose the remaining
boundary condition and use orthogonality to compute the coefficients.
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