MATH 3235 Final Exam Due May 4, 2021 at 5:30pm

This is a take home final exam. You can use your notes, my online notes
on canvas and the text book. You are supposed to work on your own
text without external help. I'll be available to answer question in person
or via email. Please, write clearly and legibly and take a readable scan
before uploading.

To solve the Exam problems, I have not collaborated with anyone nor sought
external help and the material presented is the result of my own work.
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QUESHION 1 .. 30 point
Let X be a continuous r.v. with p.d.f. given by

p+2(1l—plr O<zr<l1
fay =2t .
0 otherwise

where p is a parameter.

(a) (10 points) for which value of p is f a valid p.d.f.? (Hint: remember that there
are 2 conditions you should check.)

Solution: We have

/Olf(x)dx =1

for every p so that we just need to check that f(x) > 0. Since f is linear in x it
is enough that f(0) > 0 and f(1) > 0. Thus we get

0<p<2.

(b) (10 points) Compute the expected value E(X) and the variance var(X) of X.

Solution: We have

1 1 1
]E(X):/Oxf(m)da::p/() xdat—i—?(l—p)/o xde:g+§(1—p):§—g

and

1 1 1
B = [ et f@dr=p [ dee20-p) [ dar=bs
0 0 0

so that

var(X) = = (p(2— p) +2)
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(¢) (10 points) Show that

(Hint: use Jensen inequality.)

Solution: Use Jensen inequality to get

(RS
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QUESTION 2 .. 15 point
Let Ni, k= 1,2,3,..., be an infinite sequence of geometric random variable with pa-
rameter py = %, that is

P(Ny =n) = (1—pp)" 'ps forn>1.

and P(N, =n) =0 for n < 1. Moreover let Y be an exponential r.v. with parameter A,
that is
fy(y) = Ae™ fory >0

and fy(y) =0 for y < 0.

Show that Z, = Ny/k converge in distribution to Y as k — oco. (Hint: compute the
c.d.f. of Z, that is Fi(z) = P(Zy < x) for every real number z.)

Solution: Observe that we have

k) ' A ezl =1
P(Zy < 2) = PNy < k) = 3 (1= p)ilpe = 1 — (1 — py) bl =1 = (1 _ E)

i=1
P(Y <y)=1-—e"".

Observe that
kx| —1

— T

as k — oo so that

for every .
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QUESTION 3 ..o 25 point
A student is attempting a multiple choices exam. For each question there are 4 possible
answers. He has a probability of 0.75 of knowing the correct answer. If he does not know
the answer he chooses one answer uniformly and randomly. All questions and answers
are independent.

To get a B he need to answer correctly 85% of the questions while to get an A he needs
to answer correctly 95% of the questions.

To answer the questions below, you can use Matlab or R (or any other software) to
compute the needed values c.d.f. of a Standard Normal r.v.. In case you do not have
them available, this is an online | calculator.

(a) (10 points) If the test contains 40 questions, use a normal approximation (CLT) to
compute the probability pp that the student will get at least a B and the probability
pa that the student will get a A.

Solution: Let p be the probability that the student give a correct answer. We

have
p=0.754+0.25-0.25 = 0.8125.

Let X; be 1 if he answer correctly to the i-th question and 0 otherwise. Thus
E(X;) = 0.8125 and V(X;) = 0.1523. We get

40
pp =P (Z X; > 0.85- 40) =

i=1

S X, —0.8125-40  (0.85 — 0.8125) - 40
0.390+/40 0.390+/40
=1 — $(0.60) = 0.274

while

40
ps =P (Z X; > 0.95 - 40) =
=1

SUX; —0.8125-40  (0.95 — 0.8125) - 40
0.390+/40 0.390+/40
=1 — $(2.23) = 0.013.
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(b) (15 points) Let pg be the probability that a student that knows 75% of the answers
will get a B or more. If the teacher wants pg to be less than 0.025, how many
questions should there be on the exam.

Solution: He wants to find N such that

N
P (Z X; > 0.85 - N) < 0.025

i=1

This means

p (val X; —08125- N _ (0.85 —0.8125) - VN

> = 1-®(0.096-v/N) < 0.025
0.390v/ N 0.390 ) ( )<

From the table we
®(1.96) = 0.975

1.96 \?
) =41
= (0.096) 0

so that he needs

questions.

Page 5 of 10



MATH 3235 Final Exam Due May 4, 2021 at 5:30pm
QUESTION 4 ..o 20 point

Let X be a continuous r.v. with uniform distribution in [—1,1] and Y be such that
P(Y =1)=P(Y = —1) = 0.5, X and Y independent. Consider the r.v. Z = XY

(a) (10 points) Find the p.d.f. of Z.

Solution: Observe that
PZ<2)=P(X <2)PY =1)+P(X > —2)P(Y =—-1).

Observing that P(X < z) = P(X > —z) we get P(Z < z) = P(X < z), that is
Z is uniform in [—1, 1] and

f(Z)—{% —r=csd
)=

otherwise

(b) (10 points) Are Z and Y independent?

Solution: For any A C [—1,1] we have
P(Ze ALY =1)=P(X cAPY =1)=P(Zc AP(Y =1)
while

P(Z € ALY = —1) =P(X € —A)P(Y =1) = P(X € A)P(Y = —1) =
P(Z € A)P(Y = —1)

so that Z and Y are independent.
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QUESTION B ..o 10 point
Let X; and X, be two independent exponential r.v. with expected value A\. Find the
joint p.d.f. of Y7 = X; + Xy and Y2 = X; — X5 and the marginal p.d.f. of Y>. (Hint:
pay attention to the possible values of Y] and Y5)

Solution: The p.d.f. of X; and X, is
f(z)=X"te”

Note: if students used \ as the parameter instead of A™!, do not penalize them.

18

Clearly we have
Xi=M+Yy)/2 Xi=MWM-Yy)/2

and the Jacobian of the change of variables id

1

U(@/hyz)| = 5

and we need y; +y2 > 0 and y; — y2 > 0, so that we get

1. 5 _w
iy, (Y1, v2) = §A e % for y1 >0, |y2| <y

To find the marginal p.d.f. of Y} we compute

L [* 5 w 1., Il
ng(y2)=§ ATeT Ndyr = SA e
ly2|
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6. (15 points (bonus)) Let Ny, Ny and N3 be discrete random variables with joint proba-
bility mass function

37V N!

p<n17n27n3) :P(Nl = nl&NQ :nZ&N3 = n3) = ﬁ
ningng:

if ny +ny +n3 = N and 0 otherwise.
Compute the marginal mass function py, of Ny, that is
pny (n1) = P(Ny = ny)
and the conditional mass function py, n,n, of Na and N3 given Ny, that is
PNy, N3|Ny (ng,n3|n1) = P(N2 =ny& N3y = ng ‘ Ny = nl) .

(Hint: you can answer the question without doing any computation. Think what situ-
ation is described by Ny, Ny and Nj.)

Solution: Observe that N;, Ny and N3 are the result of repeating an experiment
with 3 possible equiprobable outcomes (say 1,2,3) N times. P(/N; = n;) represents
the probability of obtaining n; 1s when the probability of a 1in 1/3. Thus P(N; = n4)
is a binomial with p = 1/3 that is

On the other hand if you know you had exactly n; 1’s, the remaining outcomes are
2 or 3, with equal probability. Thus

2—(N—n1) (N — nl)'

n2!n3!

pNg,N3|N1(n2>n3’nl) =
if ng +n3 = N —ny and 0 otherwise.

In formulas we have

37V NI
P, (1) = Z p(n1,ng,m3) = Z ST

116 170a!
nz,n3 na+n3=N-ny Mnans:
37N2N7n1N! Z 27(N7n1)(N_n1)!
(N — nl)!m! TLQ!TZg!

na+n3=N-n1

N \™ /2\V ™
(N —ny)n! \3 3

so that V; is a binomial r.v. with N trials and p = 1/3.
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Moreover we have

1
_ 37VNI NI 1\™ 79\ N-m B
DN oI (12 13 ) Cmylng!ng! \ (N —ny)lng! 3 3 -

27(N7n1)(N — Tll)'

TLQ!TZg!

if ng +n3 = N — ny; and 0 otherwise.

Thus Ns is a binomial r.v with N — ny trials and p = 1/2.
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7. (15 points (bonus)) Let X, i
continuous r.v. with median m, that is

1

Show that

lim P ( min (X;) <m < max (X;)
Nooo  \I<i<N 1<i<N

Due May 4, 2021 at 5:30pm

1,..., N be independent and identically distributed

)-1

Solution: Observe that due to independence

and similarly

so that

P < min (X;) <m < max (XZ)) =
1<i<N

1<i<N

1—2N-1,

N
1 . — . — 9—N
P <1I<I%I<HN(XZ) > m) = HIP’(Xz >m) =2

N
) — ) —_ 9—N
P (1211‘&3](\/()(@) < m) = HP(XZ <m)=2

1—[P’(min (Xi) >m> —P(maX(Xi) gm) =
1<i<N 1<i<N
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