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Abstract

We study a system formed by M particles moving in 3 dimension and interacting with 2 heat
reservoirs with N >> M particles each. The system and the reservoirs evolve and interact via
random collision described by a Kac-type master equation. The initial state of the reservoirs is given
by 2 Maxwellian distributions at temperature T and 7. We show that, for times much shorter than
VN /M the interaction with the reservoirs is well approximated by the interaction with 2 Maxwellian
thermostats, that is, heat reservoirs with N = co. As a byproduct, if T, = T_ we extend the results
in [3] to particles in 3 dimension.
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1 Introduction

In [14] Mark Kac introduced a toy model, the “Kac Evolution”, to study kinetic properties of gases.
He considered a system of M particles moving in one dimension and interacting via random collisions.
After an exponentially distributed time, two particles are randomly and uniformly selected and they
suffer a collision; that is, their energy is randomly redistributed. The rate of collision Ays is chosen in
such a way that the average number of collisions a particle suffers in a unit time is independent of M.

Despite its simplicity, the model serves to explain a number of issues. We give a short and informal
description before turning to the main point of the paper. The original purpose of Kac was to derive the
spatially homogeneous Boltzmann equation. This was achieved through the notion of ‘chaos’, i.e., states
for which position and velocity of the particles are asymptotically independent as the particle number
tends to infinity and are, thus, characterized by their single particle marginal. He proved that this
property was preserved under the Kac Evolution, a phenomenon known as ‘propagation of chaos’, and
the evolution of the marginal is given by the non-linear Boltzmann-Kac equation. The three dimensional



version of this model is discussed in [15] where the analogous results are proved. The main limitation of
these papers is that the molecules are Maxwellian: the intensity of the collision process is independent
of the velocities. This restriction was removed by Sznitman [18] (see also the seminal paper [17]).

The Kac Evolution is ergodic and hence it makes sense to quantify the rate of approach to equilibrium.
One way to achieve this is through the gap of the generator, which Kac [14] conjectured to be bounded
away from zero uniformly in the particle number. This was eventually proved in [13]. In [7] and [16] an
exact formula for the gap is given. Results for the gap with models with velocity dependent intensity are
given in [20], [5], and [6] (in the latter, Kac’s conjecture for three dimensional hard spheres is proved).

The notion of a gap means that one views the generator of the evolution on a Hilbert space, but it
is well known that probability distributions have L? norms that grow exponentially with the particle
number. This is remedied by considering the entropy, which, since it is extensive, is a more natural
notion of approach to equilibrium. One expectation is that the entropy decreases exponentially in time
with a rate that is independent of the particle number. The results, so far, do not lend optimism to
this expectation. The best results are those of Villani [20] and Einav [10] where it is shown that the
entropy production in the worst case is inversely proportional to the number of particles.

Recall that the entropy production is the ratio of the entropy dissipation and the entropy and hence,
strictly speaking, the aforementioned results do not make a statement about the time decay of the
entropy of a generic state. If, however, one considers initial states where only a small part of the system
is out of equilibrium, then one can show exponential decay for the entropy as shown in [2] (see also [1]).

A rather different interpretation of the setup in [2], which is the central issue for the current work, is
that the part of the system initially in equilibrium can be seen as a reservoir and the remaining part as a
system that is out of equilibrium. In the simplest case one considers a system of M particles interacting
via a Kac Evolution with a reservoir of N particles. Given that the reservoir is initially in equilibrium
one expects that for IV large the evolution of this state can be approximated by an effective evolution
of a system of M particles interacting with a thermostat, i.e., one replaces the reservoir by a process in
which one generate a “virtual” particle randomly selected with the same distribution of the initial state
of the reservoir and lets it collide with a particle in the system. Thus, the idea is that the distribution
of the reservoir, for large N, stays essentially fixed along the evolution. This approximation was carried
out in [3] for particles moving in one dimension uniformly in time, using the Gabetta-Toscani-Wennberg
metric.

The present paper mainly addresses two issues. Of interest is an extension of the work in [3] to a
system of M particles that is coupled to two or more reservoirs of N particles each that are initially in
equilibrium at different temperatures. In Theorem 2.1 we show that up to a time of order VN /M the
evolution of the reservoir system can be approximated uniformly by the corresponding evolution of the
thermostats. It is know (see [8, 11] or Corollary A.2 below) that as the time ¢t — oo the thermostat
system approaches a steady state (which is not explicitly known) at a rate of order one. As a consequence
for times 1 << t << v/N/M the reservoir system stays, approximately, in a non-equilibrium steady
state (NESS). One should emphasize that for times ¢t >> +/N/M the reservoir system tends to an
equilibrium (which in this model is given by the average of the initial condition over all rotations). It
should be emphasized that this equilibrium state is not close in any sense to the NESS of the thermostat.
The physical distinction between these two states, the equilibrium and the non-equilibrium steady state,



is that the latter mediates a heat transfer from the thermostat at higher temperature to the one at lower
temperature. This distinction is absent in the one thermostat case where there is no NESS and the
thermostat system tends to an equilibrium given by a Maxwellian.

The second issue is how to extend the analysis in [3] to three dimensions. There is an obvious
difficulty: any reasonable collision mechanism conserves both energy and momentum; the additional
conservation law complicates the analysis. A somewhat deeper issue is the possibility of considering
reservoirs that initially have a non zero average momentum. This would produce a shear in the system,
but in this situation it is not even clear how to implement the relevant thermostat.

The paper is organized as follows. In Section 2 we present the models and state the results. In Section
3 we state and comment on the key functional inequality. In Section 4 we comment on our results and
outline possible extension and ideas for future work. Section 5 contains the proof of Lemmas 3.1, 3.2
and 3.3 while in Section 6 we report the proof of Theorem 2.1. Finally the Appendices contain technical
results useful in the proofs.

2 Model and Results

The basic ingredient to build the Kac model evolution is the operator that describes the effect of
a collision between two particles. Assume that the particles are spherical and that the unit vector
associated with the relative position of their centers is w. If U1 and U, with v; = (¥ 1,7i2, Ui 3) € R3,
are the outgoing velocities just after the collision then the incoming velocities before the collision were

ﬁ*(w):ﬁ’l—((ﬁl—ﬁ’g)-w)w, ﬁ”k(w):{fQ—((Ug—ﬁl)-w)w,

—
[\

where (¥ - W) denotes the scalar product in R3. Assume now that before the collision the velocities
of the two particles are distributed according to the probability distribution g on RS. Given w, the
probability of observing the two particles after the collision with velocities ¥, and s is g(77 (w), U5 (w)).
If we further assume that the unit vector w is chosen uniformly at random on the unit sphere $2, that
is according to the normalized Haar measure dw, the effect of the collision on ¢ is given by

Rlgl(@1.%) = [ al(e). 55 (e))do 1)

With this collision in hand, we can now start to describe the evolution in the models we will con-
sider. The superscript S will refer to the system, as opposed to the reservoirs or the thermostats,
for the remainder of this paper. The system contains M particles characterized by their velocities
v = (0,...,0y) € R?M. Since the collision times are randomly chosen, the position of the particles
plays no role. Thus, the state of the system is described by a probability distribution f(v) on R3M.
Since the particles are assumed to be identical, we will only consider permutation invariant distributions,
that is we will assume that, for every permutation 7 on {1,..., N} we have

f(ﬁly727M):f(67r(1)37177r(M)) (2)



The effect of a collision between particle ¢ and j on the distribution f is described by the operator
R in (1) acting on ¥; and , that is

RS = [ f(wi@)dow) (3)

where . . » .
Qm-(w) = (U1,...,70; (w),... , U (W), ..., 0n), 7
U (W) =0 — (Ui = 0j) - wlw,  Tj(w) =0 — (T = 0;) - w)w.
We assume that the collisions take place according to a Poisson process of intensity Aj; and that
when a collision takes place, the pair of colliding particles is chosen randomly and uniformly. Choosing
Ay = MAg/2 we get that the infinitesimal generator for the evolution of f is
)\S S
a1 2B 1). (5)

1<j

Ls(f]=

In this way the average number of collisions that a particle suffers in a unit time is equal to Ag inde-
pendently of M. )\gl is called the mean free flight for the system. For simplicity, we will choose a unit
of time so that \g = 1.

In [4], in an attempt to introduce more structure in the Kac model, the authors consider the in-
teraction of a Kac system with a Mazwellian thermostat. This is thought of as an infinite reservoir of
particles in equilibrium at temperature T. When a particle interacts with the thermostat it undergoes
a collision with a virtual particle randomly selected from a Maxwellian distribution at temperature T'.
After the collision, the virtual particle disappears. If g(¢) is the probability distribution of the velocity
¥ of the particle, then the effect of the interaction with the thermostat is

Blgl(v) = | RlgUr|(v,W)dw = | dw [ g(7"(w))lr(d"(w))dw. (6)
R3 R3 $2

with

and

(W) =T — (6 — @) ww T (W) =d — (@ — ) ww. (7)

At Poisson distributed times, a particle in the system is selected uniformly at random, to interact with
the thermostat. We can represent the action of this thermostat on the M-particle distribution f via
the infinitesimal generator

Lolf) = n) (Bilfl = ). ®)

where B; is the operator (6) acting on the velocity v; of the i-th particle. Thus the evolution of the
combined system-+thermostat can be described via the generator

Lr=Ls+LE. 9)



For the one dimensional version of this evolution, it is possible to show that for every given initial
distribution fo, the evolved distribution f; := €T’ fy converges exponentially fast to a Maxwellian
distribution both in a suitable L? norm and in entropy, see [4]. The L? norm is not a very useful
measure of approach to equilibrium when M is large, see [4] for more details, while typical alternatives
like the entropy are very hard to analyze. For these reasons, in this paper, we will work with the GTW
distance do defined as follows (see also [12]). Given two functions f,g € L'(R3*M) with

R3M f(y) dv = /]RsM g(y) dv /]R3 M vf (Q) du= R3M Qg(y) dv

rog) — s O~ 9E)

€40 €7

where f (§) is the Fourier transform of f(v) defined as

we set

(10)

A~

1) = /]RsM X&) £ (v)dy

and (§-v) = Zf\i 1(1715;) is the scalar product in R3M. Tt is not hard to show that the evolution generated
by Lr converges exponentially to equilibrium also in the dy distance, see [8, 11] and Appendix A below.

It is natural to see the Maxwellian thermostat as an idealization of the interaction of our small
system with M particles with a much larger reservoir with IV > M particles initially in equilibrium at
temperature T. We now describe the combined system-reservoir evolution for the three dimensional
version of the model we will use in this paper. The state of the combined system is described by a

probability distribution F (v, w) on R3M+3N_ The generator is given by
Lr=Ls+Lr+Lr (11)

where Lg describes the evolution inside the reservoir. This is modeled as a standard Kac evolution
analogous to that of the system with possibly a different mean free flight /\]_%1. This means that

LrF] = N1 Z(Ri,j[F] —F) (12)
1<j

with Rfj describing the effect of a collision in the reservoir between particle ¢ with velocity w; and

particle j with velocity @; via the operator (1) acting on @; and ;. Finally £ describes the interaction

between the system and the reservoir. It is also modeled via a Kac style collision and we set

N M
Ly[F]

[F] = F) (13)

where Ri[’ ; describes the effect of a collision between particle ¢ in the reservoir with velocity @; and
particle j in the system with velocity ;. It is again given by the operator (1) acting on @; and ;.



Observe that the factor u/N in (13) has the effect that a particle in the system suffers, in average, u
collisions per unit time with particles in the reservoir. At the same time, a particle in the reservoir on
average suffers uM /N collision per unit time with particles in the system.

Since the reservoir is assumed to be initially in equilibrium, we choose an initial state of the form

Fo(v,w) = fo()I'7 (w) (14)
where

N
¥ (w) = [[ (@)
i=1

is the Maxwellian distribution at temperature T for N particles.

For the evolution in one dimension, the relation between the finite reservoir and the thermostat was
studied in [3]. The authors prove there that, for NV large, the combined evolution of system-+reservoir
is well approximated by the system+thermostat idealization uniformly in time in the ds distance. A
generalization of this results to the evolution in 3 dimension will be a corollary of our main result that
we are going to present now.

As discussed above, to obtain a truly out of equilibrium evolution, we consider the situation when
a small system with M particles interacts with two large reservoirs initially at temperature 7'y and T_
with Ny and N_ particles respectively. The state of the combined system is now given by a distribution
F (u,v,w) on RAM+N-+N+) and, analogously to (14), the initial state is of the form

Fo(u, v,w) =Ty (u) fo(v)l - (w) (15)

where I'y, = F% with ¢ = +. We also assume that the average velocity of the center of mass of the
system vanishes while the initial temperature is finite, that is

1
[ oh@d=0.  and Ty el <o
R3M 3M Jpsm
We can write the generator of the evolution as
L=Ls+Lr, +Lr_ + L1 +L5_ (16)

where Lg still describes the internal evolution of the system, see (5), while Lr_ and L; , 0 = =+,
describe the internal evolution of the o reservoir and the interaction of the ¢ reservoir with the system,
respectively, see (12) and (13). Observe that there is no direct interaction between the two reservoirs.

If Ty = T_ the two reservoir are essentially equivalent to a single reservoir. This situation will be
discussed in Corollary 2.2 below. We will thus always assume that 7. > T_. On the other hand, to
simplify notation, we will assume that N = N_ = N. Thus we will consider the evolution

Fy = PR (17)

generated by the generator £ in (16) starting from the initial condition %; in (15).



It is natural to compare the evolution of the combined system+2 reservoirs described in (17) with
the evolution of a small system with M particles interacting with two Maxwellian thermostats at
temperature Ty and 7_. In such a situation the generator of the evolution is given by

E:£S+£B++»CB_ (18)

where Lp_ describes the thermostat at temperature T, with o € {+, —}, see (8), and the initial state
is given by fo. That is we want to find an upper bound for the ds distance between .%; in (15) and

Ty =Tl for =T fiT_ (19)

in term of the temperature difference Ty —T_, the ds distance between fy and T}/ and the moments of f;.
Before stating our result we observe that, since £ and L are bounded operators on L'(R3(M+2N)) and

LY (R3M), repsectively, both .%; and % exists for every t. Moreover they are probability distributions
with vanishing first moments and finite second moments so that da(.%, ?f\;) is well defined and finite.

To formulate our main Theorem we need a few more definitions. Let [ := {(¢,j):i=1,..., M, j=1,2,3}

be the set of indices for the components of the vector v and, for £ > 0, consider the set of monomials

v; = Hle v, j, where i = ((i1,51), .-, (ix,jx)) € I¥. Given a probability distribution f on R*™ we
define

a(f) = / 03] £ (0)d (20)

and we set

Ey(f) = maxe;(f) (21)

where I* = Ui:o I*.
We are now ready to formulate our results that are contained in the following Theorem.

Theorem 2.1. Let fo(v) be a probability distribution on R3*M with Jufo(v)dv = 0 and E4(fo) < o
and let Fo(v,u,w) =Ty (u) fo(v)I'—(w) as discussed in (15). Consider the two evolved distributions on
R3CN+M) given by -

ﬁt = €Lt§0 L;O;; = F+€£thor_

with £ and L given by (16) and (18) respectively. Then we have

NI

M
VN

for a suitable constant C.

d(F1, F2) < O Ea(fo)? ((1—66“) (do(fo, DY) + ol fo. ) +<T+—T_>ét> (22)

Remark 1. Here and in what follows, C will indicate a generic constant, independent of N, M and
fo whose numerical value is not relevant and may vary even inside the same formula.



Due to the presence of the factor of ¢ in the last term of (22), the above theorem tells us nothing
about the difference between .%; and ;‘O:t/ when ¢ is very large. This is not strange since, as opposed to
the case of only one reservoir discussed in [3], see also Corollary 2.2 below, we cannot expect .%; and .%;
to stay close uniformly in ¢. To see this it is enough to look at the steady states of the two evolutions
considered in Theorem 2.1.

Indeed, on the one hand .Z, := lim;_,+ -%; is given by the rotational average at fixed total momen-
tum of .%, on all its variables. More precisely let €}, i = 1,2, 3 be the standard basis in R? and, for fixed
P consider the vectors F; = (€;,...,€;) € R3P. The set O of unitary transformations with determinant
one that preserve F;, i = 1,2,3, is a subgroup of the special unitary group SO(3P). Let dO be the
normalized Haar measure on O. Given a function F(v) from R3*F to R we define its fixed momentum
rotational average as

RIFIw) = [ F(Oudo(0). (23)
(@
Clearly R[F](v) depends only on ||v|| and V = SN #. Thus, in particular, Z, is invariant under
permutation of all of its arguments. On the other hand, using an argument developed in [8, 11] (see
also [9]) we will show in Appendix A that foo = lim; ft exists and is approached exponentially fast
so that ?fvoo = limy_oo % = F+fOOF_ . Thus ;5\:00 is far from %, for any N. See Section 4 for further
discussion of this point.

The main ingredient in the proof of Theorem 2.1 is the observation that on a state of the form (15)
the action of £ and L are very similar. This is due to the product structure of (15). More precisely, this
is due to the fact that the velocity of any particle in one of the reservoirs is independent of the velocity
of any other particle and has the the same distribution as the virtual particles in the thermostats. The
functional inequality discussed in Section 3 makes this heuristic observation quantitative in terms of the
dy metric. This inequality extends our previous result in [3] where the problem was simpler thanks to
particular symmetries of the one dimensional evolution. Nonetheless, the proof presented here simplifies
that of [3], makes it easier to understand, and is more general.

It should also be observed that, even if the system+2 reservoirs is initially in a state of the form (15),
the product structure is not preserved by the evolution generated by L. Nonetheless, it is possible to
interpolate between eﬁignd e£t in such a way that we mainly have to estimate the dy distance between
L.F, and L.F,, where Z, is given by (19) and thus shares the product structure of (15). In the present
work, we achieve this via a Duhamel expansion (see Section 6.2).

We can now look back at the situation where there is only one reservoir. A straightforward adaptation
of the proof of Theorem 2.1 yields the following.

Corollary 2.2. Let fo(v) be a probability distribution on R3M with E4(fo) < oo, where Ey is defined
as in (21), and let Fy(v,w) = fo(v)I'N (w) as discussed in (14). Consider the two evolved distributions
on R3WVHM) given by -

F, = eﬁTFo and ﬁt = F¥6£Tf0



with Lp and Ly given by (11) and (9) respectively. Then we have
- M
do(Fy, i) < €O Bi(fo)f (1= e 8)dy(fo. D) (24)

As for the 1 dimensional case, we see that Fo = limy_yo0 F} = I‘¥+M while Foy = limy—,o F; = R[Fp],
see (23). In Appendix C we prove that, as for the model in one dimension, if Fy(v,w) = fo(v)T¥ (w)

then
M

N+ M

Thus our result in Corollary 2.2 is surely not optimal, as far as the asymptotic behavior in N and ¢
is concerned. On the other hand, the proof of Lemma 3.3 makes it quite clear that, at least for short
time ¢, the behavior in 1/ V/N is not an artifact of our techniques. Such a behavior is a new feature of
the three dimensional evolution, see [3], and it is our opinion that it is linked to the preservation of the
total moment by the evolution generated by (16). See Section 4 for further observations.

do(Foo, T i) < do(fo, TH)

3 A new inequality

The above results are based on an extension of a functional inequality that first appeared in [3]. The
proof contained in that paper is too complex and contains a gap. Thus we first report a more general
version of the original statement and its simplified proof and then present the extension we will use
here.

Consider a C? function H : R3 — C with H(0) = 0 and VH(0) = 0 and a C° function g : R3 — C
such that

9| <+
9 = 7=
L+ T

for some T > 0. For ) = (o, . .., 7n) € RV let

N

gV () =[] 9()

i=1

and set ﬂi = (70y -+ Ti—15Tit1,- - -, N ). Given Ee R?, p > 1, we want to control the interlaced sum
1 N
Dy(H, ) :=sup —————— > gV (n)) H (i) (25)
0 [|nl|? + [1€]1? = -

and show that it can be estimated in terms of

— H(r
Dy (H.§) = sup — DL
70 [|77]|* + [|€]

uniformly in N. More precisely we will prove the following.



Lemma 3.1. Let H : R? — C be a C® function such that H(0) =0, VH(0) =0 and

|Hls = max [|o7H]|| < oo
BENS,||8]1<3

and let g : R? — C be a C° function such that

1

o) < — L
900! < T T

for some T > 0. If we call

D (H. €) = !

=sup———5— g
0 [[nll* + 1I€]1?

=1

then we have

—

Dn(H,E) < C|[H|3D; (H,6)} |

(26)

(27)

This Lemma is very similar to Proposition 5 in [3] but it contains a few improvements. For one, it
incorporates a more general function g in place of the Fourier transform of the Maxwellian at temperature
T. Moreover, it does not require H to be even, which is a necessary improvement for our current setting.
This is the reason for the cubic root in the main estimate, as opposed to the square root in the analogous

estimate from [3].

In the following we will need to apply Lemma 3.1 to a function H : R3 — C with H(0) = 0, but

VH(0) # 0. We thus first prove the following estimate.

Lemma 3.2. Let H : R3 x RP — C be a C*! function such that H(0,0) = 0, Vi#H(0,0) = 0 and, for

every Ee RP, H(O,g) = 0. Assume moreover that

—

30 = sup | H(-,&)l5 < oo
13

1H

and .
’H’Ll = Sl{pHVgVﬁH(O,f)H < 0
3

Then calling |V, H(0,¢)]
o§) 1= — ===

1€11/ 1+ 11112
we get

—

. 1 A 2
a(€é) < 4min {||H||§’091(H75)27 |H|171}

From Lemmas 3.1 and 3.2, the extension we will need in this paper follows.

10
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Lemma 3.3. Let H : R? x R? — C be be a C*' function such that H(0,0) = 0, VzH(0,0) = 0 and,
for every EG RP, H(O,g) = 0. Assume moreover that

|Hlsa = max o0 H|, < oo (32)
l18all1<3,118¢ || <1
Let also g : R3 — C be a C° function such that
1
9N < —==7
1L+ T7

for some T' > 0. Then we have

—

Dy (H,€) < CVN| H|§, D1 (H, E)# . (33)

4 Outlook

Two limitations of our results appear evident when looking at the statements of Theorem 2.1 and
Corollary 2.2.

In the first place, notwithstanding the fact that we consider the system to be ‘small’, we still want
to think of the system as a macroscopic object. That is, we want M to be a fraction of the Avo-
gadro number. In both of our results, the difference between the system+reservoir(s) evolution and
system-+thermostat(s) evolution behave as M/v/N. This implies that, for the result to be interesting,
we need N >> M?, and thus N has to be un-physically large.

Additionally, as we noted after Corollary 2.2, such behavior, at least for ¢ very large, cannot be
optimal. We think that, by adapting the proof of the main theorem in [19] to a three dimensional
evolution, one can show that the contribution of the order of M/v/N in (24) decay exponentially in time
leaving an asymptotic estimate of the order of M?2/N. This would represent just a mild improvement
with respect to the present estimate. Moreover the rate of decay, as far as one can get from [19], would
be of the order of 1/N and thus rather too slow to be relevant.

It is quite clear from the proof of Theorem 2.1 that the main difference between the three-dimensional
and the one-dimension Kac evolution is the preservation of the total momentum in addition to the
preservation of the total energy. On the other hand, the metric do seems to be well adapted to take
advantage of the latter but contains no reference to the former. We think that it should be possible to
modify the dy metric taking into account the preservation of momentum and obtaining better estimates.
As partial validation of this idea, we observe that if M = 1 and fy is rotationally invariant, then a direct
computation shows that we can apply Lemma 3.1 to obtain an estimate of the order of 1/N.

In the second place, as already observed, Theorem 2.1 is only relevant if ¢t << +/N. To better
understand the long time evolution of the system + 2 reservoir, we can define the temperature, or
better average kinetic energy per degree of freedom, in the reservoir, 74 (t), 7—(t), and in the system,

11



Ts(t), as

1 2
t)=-— F dvdud
7s(t) S Jscom s vll*F(u, v, w)dvdudw
1
T(t) = 7= |l 7 (u, v, w)dvdudw
3N Jrsen+m)
and similarly for 7_(¢). It is not hard to show that they evolve according to Newton’s Law of cooling:
M
#(t) = B (rs(t) = - (1)
. T T
5(t) = B (0) = 7s(8) + £ (e 0) - 75(0) (34)

# () = B (7s() = 7 (),

where 7,(0) = T, for o € {+,—} while we set 75(0) = Ts. See Appendix B for a derivation. It is easy
to solve (34) and obtain

(1) N g 1 - M

T T+ T
ms(t) | =T (1] +—=5— | 0 e vt E TSI [ o | o (2 (35)
(1) 1 -1 2N M

where N = 2N + M is the total number of particles while To, = (NTy + MTg+ NT_)/N is the average
temperature. On a short time scale, 7g(t) converges exponentially, with a rate of order 1, to Tw. This
is the time frame over which our Theorem gives interesting information. On a longer time scale, of the
order of N, 7, (t) — 7_(t) tend to vanishes at a rate proportional to N~!. This evolution of 7. (t) is the
main reason why F(t) and F cannot stay close for long time.

On the other hand, due to the slow rate of such evolution and the presence of the Kac collisions in
the reservoirs, one can heuristically expect that the state of the reservoirs in uniformly close to I' ]T\i (1)
that is, an equilibrium state at temperature 74 (). Thus for ¢ larger than the initial transient, we will
have % ~ I’_]r\jr (t)ftff_\i(t) where f; is the steady state of the system of M particles interacting with two
Maxwellian thermostat at temperature 7 (¢) and 7—(¢). This suggests replacing the evolution generated
by L by considering a system interacting with two reservoirs whose temperatures evolve in time.

5 Proof of the key Lemmas

We begin with the proof of Lemma 3.1. The proof reported here is quite similar to the one in [3] but it
is simpler in several points and it deals with a more general case. Moreover it fills a gap in the previous
proof. We will then show how Lemma 3.3 follows from Lemma 3.1 with the aide of Lemma 3.2.

5.1 Proof of Lemma 3.1

As observed in [3], we can easily show that

—

Dn(H, &) <Di1(H,0).
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—

On the other hand D;(H,0) > D;(H,§) so that this estimate is not enough for our purpose. What
prevent us to get a better estimate this way is the fact that the supremum over n may be achieved for

|| very large thus making |€]12 essentially negligible in the denominator of (25).

—

Thus our proof is essentially divided into two parts. In the first part, we show that Dy (H, &) can be
controlled by Dy (H,0)/(1+ T||£||?) by suitably restricting the set of 7 # 0 we need to consider when
taking the supremum in (25) and then applying a convexity argument. ‘Indeed, the presence of the term
g™V ~1(n?) essentially implies that we can restrict our attention to those  which lie in a small box around
0. Convexity of the box and of the function to be estimated inside the box then allows us to explicitly
compute the supremum there. In the second part, we show that D1 (H,0)/(14T|€]|?) can be controlled
in turn by D, (H, E ) via a Taylor expansion.

First note that Dy (H, €) only depends on € = ||€]| so that we can assume that p = 1 and write

N
Dy (H, &) = sup ——— | > ¢~ ' (n) H (i)
e |2
while H)
n
Di(H,§) =sup =5 (36)
nz0 171> + &
It follows that, for all 7 € R?, we have
H(i) < min { Dy (H, 0)|I|, Py (H, ) (1711 + €2) } .
With this in mind, we define H(7,£) > 0 by
H(7,€) = win { Dy(H, 0) |2, Dy (H, E) (17 + )} (37)
so that H () < H(7,¢) and thus N
Dn(H,§) < Dn(H,E). (38)
It will be more convenient to estimate Dy (H, ) instead of Dy (H, ) directly. Observe that for
,_ DIHO
"7 Dy(H,0) = Di(H, &)’
we get
Dy(H,0)15 = D1(H, €)(ng + &%)
so that we can write H as
B ) = {D1<H, 0)[17* il <m0 (39)
Dy(H, OI7* +€%); Il > mo

13



We now call
N

1
AN =TT ——— .
W =157y

Since H is positive we can replace ¢V with GV in the definition of DN(I;T ,€). Thus from now on we
will study

Dn(H,€) = GN Y Tis

Our next step is to show that we may restrict our attention to the box {n: ||7;|| < no} . This will

essentially follow from the monotonicity of the two functions G(7) and kaaerx%z and the fact that 2 <

2+ lel+Id]
s {12,101
lel” |d] J -
Claim 1. For H as above, we have

N o~ o - L
S H(7, €GN () S H(;, €GN ()

sup 3 3 <2 sup 5 5

70 [m|* + € 0<1nllo0 <m0 ml|* + €

where [|noc = maxy, [|7]-

Proof. For ease of notation, we will write

N =, L
H(n,€) = Zj:l H(7j;, §)GY l(ﬁ])
- Inl|* + &2
First, suppose, for some k& > 1, n = (71,...,7,0,...,0) with ||7;]| > no for all j < k, and denote

Mo = (0, .-, 70,0, ..., 0), for some 7o such that ||7jo|| = 7o, and where there are k non-zero components.

ka+ax
a’+x

Di(H, &) S0 (& + )G ()
€+l
Dy (H,§)G (i)~ (k& + [In]]?)
= &+l
_ DIH G0V (2 + . ) (40)
= €+ Ty, 2
X H o, GN T () )
G T

Using the monotonicity of G and the fact that the function is decreasing in x, we get

H(ﬂv‘f) -

Hence

H(1.€) < H(1 . 6)-

14



More generally, suppose 1 = (71, ..., 7n) with [|71]], ..., 7] = 70 and [|Fg41l]; .., [|78]] < 70, for some k.
Set i, = (71, -, 7k, 0, ..., 0), and __ = (0,..., 0, k11, ..., 75 ). Then we have

SN H(7:, €GN ()
H &) = =——a P
_ S DI OE + 1R DGN ) + Sy DUH O IRIPEY (1)
1¢2 1 = 112 —~) 1¢2 1 —~) =)
2y w2+ + IR + 22+ L@+ + 7% )
S DUH, O + ITIHEN ') SN, Di(H,0)]|7 PG (i)
< 2max .

(41)

&+ (171 + - -+ 71 C &+ (kP + -+ Nl ?)
Since 7, is of the form we considered in the first case, for the first term we get

> iy Dy(H, E)(E + [17lIHGN ()
&+ (Il + -+ 7l

< H(n,, &) < H(ny 0 6)-
where we have used again the monotonicity of G for the first inequality. On the other hand, the second

term satisfies N ‘
Sl DU OIEE )
&+ (I 12+ -+ llawl|?) =

Since 7, has all component of norm less than 7y, combining these two cases yields the claim. O

We are now left with

N 17/= — i N — — i
Zj:1H(7U>£)GN 1@]) <9 sup Zj:1D1(Ha0)||77j||2GN 1(ﬁj)
140 Il + &2 T 0, lI<no Il + &2

(42)

Next, using a convexity argument, we will essentially reduce the supremum over the set {7j; | ||7;]| <m0}
to te supremum over an interval.

Claim 2. The supremum on the right-hand side of (42) is achieved when at most one 1j; satisfies
0 < Il < no-

Proof. Since the right hand side of (42) depends only on the ||7;]|?> we can set x; = ||77;||*>. Thus we call

B, := {g : Zfil z,=r0<x < 773} and observe that for z; > 0 we have

A 1
<
ey 1+ Tx; 1+ 7|z
where ||z||; = Zfil |z;|. We thus get
N = (12AN—1( ]
S ITIPGN () 1 SN w1+ Tay)
< sup sup
770, 17| <no Inl]? + €2 " ocrenmzaes, L Tzl flzfl + €2

15



Since B, is a convex set and ), z;(1 4+ T'x;) is a convex function we get

sup 1 sz\il a:i(l + T.I'i) < sup 1 Zz]\il l’i(l + T:L‘Z')
eep, LTzl 2zl +& 7 geop L+ Tz [zl + &2

Observe now that OB, contains only points for which at most one 0 < z; < ng. The claim now
follows. H

Thus we have

N 77/ L
sup > im1 H (i, &) GN ()
n70,]|77; 1 <no In|? + &2

E2(1+T((k— 12 +0?)" L+ n?(1 4+ Tkn2)!
§D1(H,0) max  sup 770( (( )7702 772)) . 77( 770)
0SkSN=1 o< p|<no kg + 17+ €

Observe now that
kng(L+T((k — g +0°) "' +0*(L+ Thig)~" _
kng 4+ n? + &2 -
max{ 2 g (=Dng(L+T((k—Dng +n°) " +n*(1 + Tkng)~! } '
ng+¢2/2° (k= 1)ng +n*+€2/2

Moreover we have

2 2

Mo o
Di(H,0)——D < 9D, (H,0)—10_ — 2D, (H,¢
( )?78+§2/2 ( )n8+§2 (H,¢)

where the last identity follows from the definition of 79, while

(k= Dug (L + T((k = Vg + 7)) ~" +n*(1+ Thg) ™" _ ((k = Vg +n*) (1 + T((k — g +1*)~*
(k= 1)ng +n? +£2/2 - kng +n% +€2/2

Since the right hand side of the last inequality depends only on (k — 1)1 + n* we have

E—1Dn2+0)(1+T((k—1)n2+n?)! 14 Ty) ! 2
max  sup (( )ng +1n )2( +2 (( i ng +1n°)) §2Supy( + 2/2) < N
0<Sk<N—10<n|<no kng +n? 4+ £2/2 y>0 Y+¢§ 14 T¢

Collecting everything we get

D(H,§) < 4max {Dl(H’g), 11)1—1(—13“’;2)}

We now need to control Dy(H,0)/(1 + T|¢2|) with Dy(H,¢). This will be a consequence of the
following Claim.

16



Claim 3. Under the assumption of Lemma 3.1 we have

. D1 (H,0)3
~ 5TDi(H,0)2+ | H|362"

Dl (Ha E)

Proof. We consider the function h : R™ — R defined as

h(r) = sup |H(wr)|.
flwll=1

and observe that

_ h(r)
Dy(H, &) = D g

Since we can write 5 5
H(ip) = 0,0;HO)in; + Y Cijs(if)nigm
ij=1 i k=1

calling H the largest modulus of the eigenvalues of Hessian matrix of H at 77 = 0, we get

[H (i7)| < HI|7|* + [1H |37

while
3 3
sup |H (rw)| > r? sup E 0;0;H (0)wj;w;j| — r3 sup E Ci ik (Tw)wiwjwy
i,j=1 i,5,k=1

so that we get B B
Hr? — ||H |37 < h(r) < Hr* 4 | H||3r3 .

In particular we obtain that D;(H,0) > H. Moreover from the left hand side of (43) we have

h(r) Hr? — ||H|3r?
>
7».2 _|_§2 — ,,n2 +£2

. D1 (H,0
Taking r = ﬁ we get

Dy(H,0)*> 3H —Dy(H,0)
27 Di(H,0)* + | H[5¢*

Dl(H,E) Z

On the other hand, the right hand side of (43) gives
h(r) — Di(H,0)r* < (H — D1 (H,0))r* + || H||3r*

Let r, be the smallest r» such that

(43)

(44)

(45)



From (45) we see that either r, = 0 or 7. > (H — D1(H,0))/|H||s- _Observe that, if r, = 0, then
D1 (H,0) = H and (44) gives the thesis. Thus we can assume that r, > (H—D;(H,0))/||H||3. Observing
that r2/(r? + £2) is increasing in r, it follows that

h(r.) 2 Dy(H,0)(H — D1(H,0))? _ Di1(H,0)*(D1(H,0) — 2H)
PO 2 o =P e 2 (D1, 002 + [HIRE = Du(H, 07 + | HIEE?
Thus we get
D1 (H,0)2 (3H — D1(H,0)) .
DIH.O) > 5t s g™ o CH=DUO) o (11,0) 211 | (46)

Observe finally that if ag, 0 > 0 and ag + a3 = 1 then max {a;, a2} > aja1 + azag. Taking a; = 18/19
and ag = 1/19 in (46) gives
1 Dy (H,0)3

Di(H > .
W8 2 5 5 w02 + e

O

To conclude the proof of Lemma 3.1 we observe that h(r) < ||H||37? so that Dy(H, &) < ||H||3. In
particular, D;(H,0) < |H||3. Combining with Claim 3 it follows that

Di1(H,0) 2 1
— " L < A||H||2D{(H
so that
D4 (H,0)

_ 2 1
Tore < 4max{l, D) }HHIZDIH,E): .

2
Finally we obtain the thesis observing that we can write D1 (H,§) < ||H|3D1(H, {)%

5.2 Proof of Lemma 3.2 and 3.3

—

We begin proving Lemma 3.3. We observe that if VzH(0,&) # 0 then, there exists 7, with [|7]| = 1
such that, for p small enough we have

—

1 .
[H (P, )G (piTe)| = 51l VZH (0, -

For N large enough we can chose ) = \/Lﬁ(ﬁ*, ..., 7) and obtain

IR IVH©.8)
Dy(H, &) > sA vy
VLS = S e

This shows that the second term in (33) is not an artifact of our proof.
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As for the proof of Lemma 3.1 we can assume that g(i77) = G(7) = (1 + T||77]|*)~!. From (28) and
(29), we can write

H(77,€) = G()(i7 - VzH(0,)) + L(7, €). (47)

=

Considering that G(0) = 1 and VG(0) = 0, we get L(0,£) = 0, ViL(0,€) = 0 and
ILlls < [[Hll3,0 + G3l[VH oo < 2G3[[H]l3,0
where

dt x
dril+ 22|

Gs = maX{T T2 Zs up

It follows that

) S (7 Vg (0, 6)G(n) + L( E)Gn 1 (7))
DN(va):Sup 2 7o
10 lInf* + [I€]]
oo |ZE - VaH(0.6)Gr (1) Zﬁdﬁ%@@wﬂﬁw (48)
= Sup = sup —
140 Il + 11€[? 17£0 Inll* + 11€]1?
N ~
1 VaH(0,6)G .
| E T HO.8GN |
n#0 Inll* + [1€]1?
We can use the Cauchy-Schwartz inequality to obtain
N -
.1+ VaH(0,6)G 7|G(F
sup 2zt 277 ( 452) v () <+vN ‘V~H (0 f)‘ sup 7|$JG($Z 5 (49)
170 [Il1* + [l]] #0 ||Z]|* + [|¢]]

Observe that we can apply Lemma 3.1 to DN(L,E), notwithstanding the dependence of L on E
Using also (47), we obtain

D (L&) < CILI{Di(L,€
< CILI (Du(H,E)5 +Di(7- V7H (0, G (). &)

1
2 2 ~ ~ 7|G(T 3
<aﬁﬂ@ﬁGuH@é+VHu@%swf+@w>>

=

Since .
lFle@ _

a0 |22 + 1112~ &) /1 + 1812
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we can combine this with (48), (50), and (49) to obtain
1

~ v, H(0, 2 < ViH(0,&
py(.8) < VEAVOOL L oghymi, | oy, @b (VOO ) )
I€]1y/1 + 11€]12 €11/ 1+ €]
Proof of Lemma 8.2. Since H(0,£) = 0 for every & we see that VEH(O, 0) = 0 so that
(52)

a(0) < oo
and D(H,0) < oco. Analogously to (47), we can write H(17,§) = 7- V5H(0,§) + L(7,€) so that we get
> |77 VH (0,€)] — [|171? | H 5,0
’ﬁ qu(Oag’)’ =
2 P H

= |I¢] =
€]
Thus
Dy(H, &) = H(7,¢)|
0 1712 + 161P
VH(0
| YO _ 2
> sup
7£0 17112 + 1€]12
Since the supremum over 77 # 0 is certainly larger than the value at any particular 77, setting 7jp to be
the vector parallel to VzH (0,£) with norm ||7o|| = HEHQH(O yields
. 1617 i
DI(H7§ > 5)
2_a 2
ARG
a(§)? HH .0

a€)? + 4| HlI3

It follows that AH|2 Dy (1. 6)
3,071\

a(§)? < : < 8||H||3,0DP1(H,&

= - Dy(.gy = I IsoPr S

where we used that [|[H|[30 > 2D;(H,§). Together with (52), this gives the thesis.

Combining (51) and Lemma 3.2, we get
5
Dn(H,§) < CVN|H|$min {Dl(H,g)é7 \H

&}+mmﬂDmH@;
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6 Proof of Theorem 2.1

In this section we prove Theorem 2.1. The proof is based on time interpolation between .%; and %
based on Duhamel’s formula and on Lemma 3.3. But first we start reminding the basic definition from
the introduction.

6.1 The setting

We consider the evolution generated by the operator

L=Ls+ L, +L; +Lpr, +LR_ (53)
acting on the probability distributions on R*M+2N)  where
1 s
= —1
Ls:= 37 Z (R d)
1<i<j<M
\ LN (54)
f— Ro‘ _ Ig
Lr, =5 > (R -1d) I, = NZZR —Id)

1<i<j<N

where 0 = + and R}, a € {S,Ry,R_,I;,1_} is the collision operator (1) acting on particles in the

system o = S, in the reservoirs @« = R4, and R_ or one in each as in the interaction terms with o = I,

and I_.
Moreover we assume that the evolution starts from the initial state

Fo(u,v,w) =Ty (u) fo(v)l-(w)
where I',; is the Maxwellian distribution on N particles at temperature T,,. We thus set
ﬁt = €Lt§0 .

We want to compare .%; with the distribution

Fi =Ty (i) (w) (55)
where 3 _
fo=e"fo
and N
'C:'CS+[’B+ +£B— (56)
acts on R3M | with
M
Lo i=p> (BT —1) (57)
i=1
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where B is the operator (6) describing the interaction between particle ¢ and the thermostat at temper-
ature T,. Although £ act on distribution on R?*™ | we will also consider its extension to the distributions
on R3M+2N) that acts as the identity on the extra variables. With a slight abuse of notation we will

use the same symbol for such an extension thus writing

Fr = BTy =Ty (w)el fo(u)T— (w)

6.2 Estimating dg(,;gf:, F)

Our first step in estimating the difference between .%; and ;%0:; is based on the Duhamel formula
- t o
eFt — eFt = / eqt*s)(ﬁ — E)eﬁsds.
0

that yields

_ t ~ o~ t — e —
do(eCt Fo, Et 7o) < / o (20=9) £eL3 7y L9 Fols 70y ds < / ds(LFo EFDds. (58)
0 0

where % = ezsﬁo and we have used Corollary A.2.
From (55), using the definitions (53) and (56) we get

-~ t . . t . .
do(eCt Fo, £t F0) < / ds(L, Foy L1, Fo)ds + / do(Lp o) L1 Fo)ds, (59)
0 0

We will control the first integral on the right-hand side. The second term can be controlled in the same
way.

The first step to estimating this expression is understanding the Fourier transform of each term.
From now on, we will let &, 7, and ¢ denote the dual Fourier variables of v, u, and w respectively. We
have o a _

- N M Rl 7, - Bt
i, s s
aLp, FoLr, o) =swp 5 303 e

(60)
Observe that if (7, 72) is a distribution on R® then
RIIE.&) = [, FE (). 8)ds = RIAIE. &)

while if g(¥) is a distribution on R? then

~ ~ —

Blal(€) = || FE @)Fr(0"(w))dw = RIF1I(E.0)
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where 0*(w) = (£ -w)w. Moreover for a general distribution of the form .Z (i, 7, @) = I'V (w) f ()T (w),
we have

Rfﬁﬁ(ﬁé@ [ffl} (77, T L HTN (©) (61)
Bf 7 (n,¢,¢) = /15’(77 & O T () = RS [ff}@ (0, )TL ()TN 1 ()TN (¢) (62)

For ease of notation, we will not indicate the dependence on ¢ if not necessary. For 1 <14 < N, define

M
NURIEDD ( AT, — RS [fsﬁ](o,g)ﬁ(ﬁi)) . (63)

7j=1
Now (60) becomes

SV G, OTY ()
do(Lp, Fs, L1, Fs) = ! = £ =

€% + [nl?

S Gy, OTY 1 ()T ()
€12+ [nl2 + €2

< sup

p M
~ Noeno

oy
Néﬂ

(64)
With the aim of applying Lemma 3.3 to the above expression we observe that

1. For any £ € R3V, G, has a zero of order 1 at (0,€). That is, G4(0,8) = 0;

~

2. G, has a zero of order 2 at (0,0). That is, Vﬁi@S(O,O) = 0 and clearly Vg@s((),()) =0;

3. In Appendix B we show that there exists a constant C such that for every s we have ||@s||3,1 <
MCE4(fo), see Lemma B.4;

1
4. Tt is easy to see that ' (7f) < T

Thus, we see that Lemma 3.3 is applicable with H = G s, and we obtain

o=

I 5 5
B CMEE(fy)5da(Gs, 0
\/N 4(f0> 2( s )

\F

where we used the monotonicity of I'y and the fact that fs is permutation invariant so that the M term
in (64) gives the same contribution.
We can now apply Lemma A.1 and Corollary A.2 to obtain

do(Lp, Fs, L1, Fs) <
) o (65)
MY OByt (R IFL), BEIATY)

dy (RIEDL), BYAING) < da (R = o)l BY s = FoelUs ) 4+ do (RUD] B [fuc]T )

<2 ¥y (fo, foo) + 20> (Foo T (96)
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so that it follows that

t —~— —~—
/ do(Lp, Fo Ly, Fs)ds
0

1

MuC s [t o . ] .
<2 \/% E4(f0)6/0 (e*TSdg(fo,foo) +d2(foo71“i/f)> ds
< 18%0E4(f0)%( 50 dy(fo, Foo) + MCE4(f0) 2 (foo, TV )5t

VN N

We clearly obtain an analogous estimate for the second term in (59) so we conclude that

da(e™t Fo, B Fy) < Af%m(fo)?(l e 5 da(for foc)

NI

67)
MuC 5 ; 1 ; 1 (
=L E0)E (oo, TY)E + (oo, T ) 1
We observe that, if T} = T_ = T then we are essentially in the l-reservoir situation. In this case
Iy =T_ =Ty so that foo =M and (67) simplifies to
MC
da(e™ Fo, 71 Fo) < =Eu(fo)? (1 — e 8)da(fo, T} (68)

VN

which is the same as the estimate we would obtain by doing the computation directly starting from a
1-reservoir set-up. This proves Corollary 2.2.
In Appendix A we show that
~ T, —T_
so that the second term in (67) essentially captures the difference between the temperature of the two
Maxwellian thermostats. This concludes the proof of Theorem 2.1.

(69)
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Basic Properties of the evolutions

In this appendix we deduce the existence of a steady state for both evolutions and derive (69). In the
following, we will restrict our attention to the metric space (X, ds) where X = {f € L' : da(f,T) < co}.

We start by studying the behavior of the GTW d2 metric under the action of R and B defined in
(1) and (6) respectively.

Lemma A.1. Suppose f(v1,v2) and g(v1,02) are distributions on RS with zero first moment and finite
second moment. Then

da(R[f], Rlg]) < da(f,9)

while if f(¥) and g(¥) are distribution on R? with zero first moment and finite second moment then

@(BIfL, Blo)) < 3d(1,9)
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Proof. Observe that

) [ € &) ~ 96 @), 6 @) do
do (R|f], R = su = 70
2 (Rl Rlo) = 2 H&HMH& E (70
co JE @ G - a6 o .
Taals IE @I+ 1§@)IP S
Similarly we get
BLF)Blo) = /S 2 (f(é (-8 = 916 - (- ) Brl(- Phas
o (72)
< ds(f,g)su = dw :fd , g
2(f, g p H§H2 ) 2(f,9)
where we have used if o € $2 then
ng 1= /52(0~w)2dw = ;/_23 singﬁcosedﬁzé (73)
O

Observe now that we can write

1
V. (RY; —1d) =: Qg — AsId
1<i<j<M

Ls =

and similar decomposition for Lr, =: Qr, — Arld, L5, =: Qr, — A7ld, and Lp, =: Qp, — Apld. We
also set

Q=Qs+Qr, +Qr_ +Qr, +Qr_ A=As+2ARr+2A;
Q=Qs+Qp+ +Qp- A=As+2Ap,
so that we get L
L=Q—-AId L=Q—AId.

It will also be useful to have the following corollary, which informally states that the Kac evolution
is not expanding while the thermostated evolution is a contracting.

Corollary A.2. Let .Z and 9 be two distributions on R¥*M+2N) with 0 mean and finite second moment,
then

do(e“V.7 , e519) < do(F,9). (74)

Let now f and g be two distributions on RM with 0 mean and finite second moment, then
do(eP 1, eFlg) < e~ Fldn(f. g) (75)

27



Proof. We begin by writing
eFl = e~ i) n—T;Q", (76)
From Lemma A.1, it is easy to see that !
d2(Qa7, QoY) < Mada(F,9); a€{S 15, Rs} ,

so that
d2(QF,Q9) < Ada(F,9).
Thus

d ( Eta‘ eﬁtg —Atz d2 Qﬂg) < d2 Atz n'An

where we have used the convexity of ds.
For (75) we observe that, reasoning like for (72) we get

4(Qp, £, Qp,9) < ndalf. 9 sup( Z . 5’5‘2 w) = (As-5)dalr) ()

The second inequality now follows as before. O

An immediate consequence of Corollary A.2 is that the thermostated evolution has a unique steady-
state which depends only on the temperatures of the thermostats.

In order to derive (69), it will be helpful to establish the following claim, which follows from a simple
computation.

Lemma A.3. The dy distance between two Mazwellian distribution is proportional to their temperature

difference, that is
T, —T_
d(rh, Th ) = ===

Proof. Observe that if T}, > T_, using that 1 — e ™" < x, we get

—T_z/2 _ —Tix/2 —T_z/2 1— —(Ty—T-)z/2 T, —T

e e e e L

dy(Tp, , Ty ) = sup = sup ( ) < gup B T o2
>0 x >0 z >0

while the opposite inequality is evident. ]

We can now derive (69).

Derivation of (69). We look at the case 0 = + since the other is very similar. Observe that by definition

Qs+ Qp, +Qp ) fw = Ao
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while B
(Qs +2Qp, )T = AT

Hence

Ady(foor, TH) = do((Qs + Qi + Q) foor (Qs +2Qp, )TY)
< da(Qsfoor QsTY) + do((Qp, + Qp_) foo, 2Q5, T
< Agday(foo, TY) + da((QB, + @B ) fo (@B, + QB )TY) + do(Qp_TY, Qp, TY)

Observe now that, reasoning like for (72) and (77) we get

LG w)
d2(Qp T, Qp, TY) < uda(T4,T-) sup <Z/Z’£‘2dw> < gd2(r+,r_)

so that, using (77), we obtain
A (F TM FonM H FonM H
Ad?(fOO7F+ ) < ASdQ(fOOaF+ ) +2 (AB - g) d?(fOOaF+ ) + §d2(r+7r—)

The conclusion thus follows from Lemma A.3 above and recalling that Ag + 2Ap = A. O

B Moments of f, and derivatives of @S

In this appendix we first look at the evolution of the moments of the distribution ft Although it is quite
natural to expect such moments to be uniformly bounded in ¢, it is less easy to analyze their behavior
in M. We will proof here that E,(f;) is bounded uniformly in ¢ and M in term of E4(fo). The proof
is based on a direct computation coupled with a dimensional argument. It extends the analogous proof
given in [3], for a much simpler case. Since it turns out to be rather notationally involved, we will not
report it in full details. We will then derive the Newton Law of cooling (34).

Continuing the definitions given just before Theorem 2.1, we call V¥ the space of homogeneous
polynomials pi(v) = > ;cx piv; of degree k and V! the space of polynomials of degree I, that is p € V!

if p(v) = ka:o pr(v) with pp € VF where V9 = R. On V! we consider the scalar product

(p.q) =D pids (78)

iell

where I' = UZ:O I*.
To a polynomial p we associate its fy expectation

Bo) = [ p)h(wde =3 milfo)

iell
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where m;(f) = [gan vif(v)dv is the i-th moment of fy. We can thus write

[ st = [ Lbl@fed
R3M R3M

where Lg is the linear operator acting on V* associated to £g. Observe that LgVok - VO’“ . We can now
write

where m = {m; :i € jzl} and, for simplicity sake, we set m; = m;(fp).!
In a similar way we can define Lp as the linear operator acting on V* associated to £z. Observe that
LVF c V¥ and that, calling LIBZ = P Lp Vs where Py is the orthogonal projector on the subspace

V, we have L%’l = 0 if and only if £ — [ is non negative and even, due to the parity of the Maxwellian
distribution. The following Lemma collect basic properties of these operators.

Lemma B.1. Lg is self adjoint, (Lg[p],p) < 0. Moreover L%k is self-adjoint, (L’;k[p],p) <0,
(L5"Ip),p) <0 if k > 0. Finally |L%|| < CM.

Proof. Given i,i’ € {0,..., M} and w € S, let r; #(w) be the linear transformation on R** described
in (4). A direct computation shows that

_ s L

The statement follows immediately from the fact that r; j(w) is unitary and self-adjoint.

Let now 7;(w) be the linear transformation on R3M*3 described in (7). Then 7(w)®* acts on
homogeneous the polynomials of degree k in 3M + 3 variables. Let P be the projector between the
space of homogeneous polynomials in 3M + 3 variables to the space of homogeneous polynomials in 3M
variables. Then we have

Lk — / Pii(w)®*P —1d)d
B Nzi: 32( 7i(w) )dw

and the thesis follows from the fact that P7;(w)®¥ P is a principal minor of a self-adjoint unitary matrix.

Finally we observe that also LIBZ is the sum of M terms that can be written in term of suitable (non-

orthogonal) projections of 7;(w)®*. O

n the following, with a slight abuse of notation, we will use p to indicate both the polynomial P(v) and the sets of its
coefficients p = {p; : i € I'}.
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Thus Lemma B.1 tells us that L = Ls + Lp, + Lp_ is block triangular with negative definite
diagonal blocks but potentially large off-diagonal blocks. It follows that, if ¢%(v) := 2 >, ||7i[|* then
Ei(q?) < CM?| ||| Es(fe)]|. Observe moreover that ||m|| = O(M?)E,(fy) while ||¢?|| = M=z, Tt
follows that FE;(¢?) is bounded uniformly in ¢ but not in M.

To obtain a bound uniform in M we need to look at the structure of Lg and Lg. To avoid overbur-
dening the notation we will only consider the case | = 4. Moreover we will restrict our attention on the
subspace of permutation invariant polynomials containing only monomials of even degree. They clearly
form an L invariant subspace.

We observe that the polynomials

py (v) = W 2 Vi Visjz2Visjs Vija
i

472 —_— 1 . . . . . . . . 4’21 — 1 . . . . . . . .

D3 (v) = 77 Viy,j1 Vi, g2 Vis,jsViz,ja - Pj (W) =31 Vi, j1 Vi1, 52 Vi1, g3 Vig,ja
(2) 11 <12 (2) 11 <t9
b; (v) = (M) Vi1, j1 Vix ja Via,jsVis,ja  DPj (v) = (M) Viy g1 Via,ja Viz,jz Vig,ja
3/ 11<i2<is 4/ i1<i2<iz<iq
with j € J* = {1,2,3}4, form an orthogonal basis in the subspace of permutation invariant poly-

nomials in VO4. Let VO4’1 = span {p}l’l 1 j€ J4} the subspace of one particle polynomials, V04’2 =

span {pgm, p}u 1 jE€ J4} the subspace of two particles polynomials, and similarly for Vb and Voot In

a similar way we consider the polynomials

20,y _ 1 220,y _ 1
D; (v) = 7 Yi,j1 Vi, ja D; (v) = z Vi, j1 Viz,ja
2,1 < 22—

7 11 <12

with j € {1,2, 3}2, and the subspaces V2l and V22

Lemma B.2. For every j € J* we have

(e"Fpy ™, m) < CE4(fo) (80)
while for every j € J? we get
(e p}*,m) < CE4(fo) . (81)
Finally
(e'1,m) < CE4(fo)- (82)

Proof. A direct computation shows that

[m—n]

HPVoZ'nLS|Vol’mH <CM~ =2
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if [m — n| < 1 and 0 otherwise while | PyssLp, [y | < Comn. Finally Py L
if I > 0. It follows from a perturbative argument that

yLm 18 negative definite
o

M 7Iit

HPVOl,ne

lmH —CMi

for a suitable x > 0. Observing that Hpj“fH < CM~% while | Py asml|| < C’M%E4(f0), we get that

4
(PV 6tL 4k m ZH 4zmH HP 416 ‘V4,k Hpj’kH < Ce_NtE4<f0) . (83)
1=0
Since Lp, are block triangular we can write
Pyze'tp* / Pyae’ (L + L") Pyae pytdt

Another direct computation show that HP 2,mLB‘V4n < CM™ 2" forn—m = 0,1 and 0 otherwise.

Repeating the argument in (83) we get that also (P, zetL 4 k) m) < Ce " Ey(fo). Finally we write
t
Pyoe'tp* / Ppoe®™ (L) + Ly ) Pyae” 4kdt+/0 Pyoe (L3 + L3°) Pyaetptdt

that gives (Pyoetpi* m) < C since PyoL = 0. Summing up we get (80). A similar argument gives
(81) and (82).
O

The following Lemma is a direct consequence of the above discussion.

Lemma B.3. Suppose fo(v) is a permutation invariant distribution on R3M such that E4(fo) < oo.
Then for every t > 0 we have

Eu(f) < CE4(fo) .

Proof. For every i = ((i1,41),- - (i1,J4)) € I¥, using Holder inequality with suitable exponents we can
write

k 1
fi) < (H /}R3M(vil,jl)4ﬁ(v)dv> .

Since fR3M ft v)dv = 1 and thus Fy4( ft) > 1, applying Lemma B.2 we get

ei(ft) < CEu(fo).

The thesis follows immediately. O
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We can now formulate the main result of this Appendix in the following Lemma.

Lemma B.4. Let G, be as defined in (63), that is,
M
Go(iin€) = > (RIS 24160, ©) — R IAT L 0,0T4 (7)) (84)

Then we have

|Gsll31 < CMEq4(fo)-

Proof. 1t is enough to observe that

IRESAT s <€ max  [[07f]| < CEa(fo)
BEN3 || B]l1<4

We can now derive (34).

Derivation of (34). For f: RS+ R we have

/ \TP(R — T)[f)(7, &) dodis = / [l = (v — @) - w)wll? — |72 (7,5 dwdido

1
=5 [l ~ [51°) 13 @i

we thus get

/ [l2(RE — D)[F:) (4, v, w)dvdudu = 0

1
IR = DF v w)dvdudi = [ (1 = 1515, v, w)dvdud

and similarly for RZI; —I. Summing over i and j we get the equation for eg(t). The others two equations
follow in a similar manner. O
C Rotational average at fixed momentum

For N and k < N consider a distribution f : R3* — R such that

3k

fwdv = f and/ vf(v)dv =0
R

R3k

and its “extension” j‘T¥ ~k o a distribution on R3*.
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Lemma C.1. We have &
dz (R[fTY 7], FTY) < <da(f, T5)

—

Proof. Given n € R*N we write n=F = (71, ..., ) and n”% = (i1, ..., 7n). We have

dy (R[fTY ], FTY) = sup H771H / (f((On)S'“) — FTH(On)=F)) TY((0m)**)do(0)

n#0 B

<l T s ”2 / 1(0n) = [2EN*((0n)**)do (0)

<dy(f, FT%) sup / 1(On)=*|2do(0)
S Tl

Observe now that for every 7,7 we have

2 _ 240
/O (On)2do (0) = /O (Oy)2do (0)

so that

[ 10 ar(0) = lal?*
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